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On the Non-existence of 3-Dimensional Tiling in the Lee Metric
SYLVAIN GRAVIER, MICHEL MOLLARD AND CHARLES PAYAN
We prove that there does not exist a tiling with Lee spheres of radius at least 2 in the 3-dimensional
Euclidean space. In particular, this result verifies a conjecture of Golomb and Welch for n D 3.
c© 1998 Academic Press
1. INTRODUCTION
Let .0; Ee1; : : : ; Een/be an orthogonal basis of n-dimensional spaceRn , and let X D .x1; : : : ; xn/
be a point of Rn . The n-cube centred on X is defined by the set:
C.X/ VD fY D .y1; : : : ; yn/j for every i; yi ;D i C xi and − 1=2  i  1=2g:
From the definition it is clear that C.X/ is a convex closed set. Let Int.C.X// denote the set
of inner points of the n-cube C.X/, i.e.,
Int.C.X// VD fY D .y1; : : : ; yn/j for every i; yi D i C xi and − 1=2 < i < 1=2g:
The Lee distance between two points X D .x1; : : : ; xn/ and Y D .y1; : : : ; yn/, is defined by
d .X; Y / D
nX
iD1
jxi − yi j:
Let r be a nonnegative integer. The r-Lee sphere inRn centred on 0 of major axis Ee1; : : : ; Een
is the set of n-cubes C.Y / where d.0; Y /  r and Y has integer coordinates. More generally,
an r -Lee sphere in Rn centres on X of major axis Eu1; : : : ; Eun (see Fig. 1), denoted by Bnr .X/,
is a moving (translation and rotation) ’ of the r -Lee sphere centred on 0 such that ’.0/ D X
and ’.Eei / D Eui for every i D 1; : : : ; n.
The distance between two Lee spheres is the Lee distance between their centres. A tiling
is called regular if neighbouring spheres meet along entire .n − 1/-dimensional faces of the
original cubes. Thus the centre of each sphere of a regular tiling with Lee spheres belongs to
an integer grid. The 1-Lee sphere is also called a cross (see [6]).
The underlying geometric problem is: for what values of n and r does the n-dimensional
Lee sphere of radius r tile n-dimensional space? The spheres B1r and B2r all succeed in tiling
their respective spaces; also the spheres Bn1 fill up the n-dimensional space. The following
examples are given in [3]:
A periodic tiling ofR by r -Lee spheres centred on the vertices x where x  rC1 mod .2rC
1/,
A periodic tiling ofR2 by r -Lee spheres centred on the vertices .x; y/where y  .2rC1/xC1
mod .2r2 C 2r C 1/,
A periodic tiling ofRn by 1-Lee spheres centred on the vertices .x1; : : : ; xn/where
Pn
iD1 i xi 0 mod .2n C 1/.
Golomb and Welch [2] conjectured that these are the only cases for which a tiling exists.
Post [4] proved that there does not exist periodic regular tilings for 3  n  5 and r  n − 1.
Moreover, when n  6, the periodic regular tilings have been proved not to exist for special
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FIGURE 1. A 1-Lee sphere and a 2-Lee sphere in R3.
values of r (see for example [3, 4]). Szabo´ proved that there does not exist non-regular lattice-
like tilings by n-dimensional crosses, if 2n C 1 is a prime number [6]. Notice that the same
author exhibits a non-regular lattice-like tiling of R4 with crosses [7]. Now we state the
following theorem
THEOREM 1. There does not exist a tiling of 3-dimensional space with Lee spheres of radii
at least two (even with different radii).
This theorem confirms the conjecture of Golomb and Welch when n D 3.
COROLLARY 1. There does not exist a tiling of 3-dimensional space with r-Lee spheres
when r  2.
In a certain sense, this corollary generalizes the result of Szabo´ when n D 3 with spheres of
radius greater than one. In fact, the proof of the theorem in the case of non-regular tilings uses
only the hypothesis that the spheres have a non-zero radius. So, we can mention the following
corollary.
COROLLARY 2. There does not exist a non-regular tiling of 3-dimensional space with Lee
spheres of radii at least one (even with different radii).
2. NOTATION AND PRELIMINARIES
Let C be a tiling of R3 with 3-dimensional Lee spheres. We will say that two spheres of
R3 are adjacents if and only if their intersection is 2-dimensional. It is easy to prove that if
the radius of the spheres are greater than 0 then the graph of adjacencies is connected; and
so we have that all spheres of C have the same major axes. Let u be one of these axes. The
intersection of C with a plane orthogonal to u defines a tiling of this plane by 2-dimensional
Lee spheres of radius 0; 1; : : :
If we move along the axis u in a fixed direction then the intersections of an r -Lee sphere
B2r .X/with a plane orthogonal to u are successively Lee spheres B2s .Xu/ of the 2-dimensional
space of radii s D 0; 1; : : : r; r − 1; : : : ; 1; 0, where Xu is the projection of X on this plane.
The first r intersections (Lee spheres of radii 0; : : : ; r − 1) will be denoted by the letter L (as
Low). The last r intersections (Lee spheres of radii r − 1; r − 2; : : : ; 0/ will be denoted by
the letter H (as High). And the .r C 1/th intersection (Lee sphere of radius r ) will be denoted
by the letter M (as Middle).
If we have two Lee spheres of type L (or two of type H) then we can move along u in one
of the direction such that both radii increase. Using this observation we obtain the following
lemmas.
LEMMA 1. Let B2r1.Xu/ and B
2
r2.Yu/ be two Lee spheres belonging to the intersection of
C with a plane orthogonal to the axis u. If B2r1.Xu/ and B2r2.Yu/ are both L or both H then
d.Xu; Yu/  3C r1 C r2.
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FIGURE 4. C is regular; the three cases.
LEMMA 2. If C is a tiling ofR3 with Lee spheres of radii at least 1. Let B20 .Xu/ and B20 .Yu/
be two Lee spheres belonging to the intersection of C with a plane orthogonal to the axis u. If
B20 .Xu/ and B20 .Yu/ are both L or both H then d.Xu; Yu/  5.
The flavour of these lemmas is that it is possible to find, in the intersection of a tiling of R3
with Lee spheres and a plane, two Lee spheres of the same type that are ‘too close’.
3. PROOF OF THE MAIN RESULT
Assume that C is a tiling of R3 with Lee spheres of radii at least two. Let B2r .X/ be a Lee
sphere belonging to C. Let u be one of the major axes of B3r .X/. We consider the orthogonal
plane to u which cuts B3r .X/ in a way to obtain the 0-Lee sphere B20 .Xu/ of type L.
We will examine the tiling of this plane in the neighbourhood of B20 .Xu/, and we will obtain
a contradiction. Our proof is given by Figs 2 to 10 where we represent B20 .Xu/ by L . In
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FIGURE 6. C is regular; case B.




















FIGURE 8. C is regular; case B, subcase (b).
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FIGURE 9. C is regular; case C.
(moving up)







FIGURE 10. C is regular; end of case C.
some cases, we will be led to move according to the axis u (denoted by ‘moving up’) to look
at the neighbourhood of B21 .Xu/ in the tiling on the ‘next’ plane. Since all Lee spheres of C
have radius greater than one then B21 .Xu/ is still of type L.
Assume that C is a non-regular tiling of R3 (Figs 2 and 3).
Now observe that at least x or y is a B20 . Without loss of generality, say x . And furthermore,
by Lemma 1, y cannot be a B20 .
Now assume that C is a regular tiling of R3 (Figs 4 to 10). If we look at the neighbourhood
of L we have the three subcases described in Figure 6.
4. CONCLUSION
The existence of tilings of R3 with Lee spheres of radius one shows that our theorem is
sharp. Moreover, using a similar method, we can prove the following stronger result:
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There does not exist a tiling of R3 with Lee spheres of radius greater than 0 such that the
radius of at least one of them is greater than one.
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